CSE 599: Interplay between Convex Optimization and Geometry Winter 2018

Lecture 16: Barriers
Lecturer: Yin Tat Lee

Disclaimer: Please tell me any mistake you noticed.

Recall the last lecture, we introduced v-self concordant barrier and proved the following result:

Theorem 16.0.6. Given a v-self concordant barrier ¢ on K (namely, ¢(x) — +o00 asz — 0K, D3¢(z)[h, h, h] <
2(D%p(z)[h, h))*/? and (Vo(x))T (V2é(z))~H(Vo(z)) < v), we can solve

mine' x
rzeK

in O*(\/v) iterations and each iteration involves computing (V2¢(m))_1 (y + Vo(x)) for some vector y.

In this lecture, we will visit some common ways to construct barrier for convex set in practice and an
existence result. We note that there are other applications of self-concordant barrier.

16.1 Logarithmic barrier

For polytope K = {Az > b}, we can simply think it as (,{a; z > b;}. For each constraint individually, the
optimal barrier is —In(a;  — b;). Therefore, one popular barrier to use for K is the logarithm barrier

- Zln(a;rx —b;).
i=1

Since each barrier has self-concordance 1, the sum has self-concordance m. However, as an exercise, we
have a direct proof here:

Lemma 16.1.1. ¢(z) = — > i~ In(a; 2 — b;) has self-concordance m.

Proof. (I have deliberately skipped steps in this proof and you should convince yourself every step). Note
that

Vo(z) = —ATE
where s; = a] z — b; and each row of A is a; . Then, we have
V2gp(xr) = ATST?A.
Hence, we have that
Vo(x)(Vip(z) 'Ve(z) <1TSA(ATST2A)tATS1<1T1=m
where we used that SA(ATS2A4)71ATS is an orthogonal projection matrix.

For the self concordance, note that

Dl hoH = 23 (Th) < (Z (% h)2>3/2 — 2(Do(a)lh, ).

i
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More generally, suppose we want to solve the problem
. T
mmanfi(ai x —b;)
1
where f; are convex functions on scalars. Then we can rewritten it as

mmZt subjects to n{ (sinti) : fi( a x—b;) <t}

Note that {(s;,¢;) : fi(s;) < t;} is a 2 dimensional convex function and hence we can find a barrier ¢;(x)
(say by the existence proof in the next section). Then, we can simply use the barrier

> dilalz—b)

16.2 Entropic barrier

For any convex set in R", Nesterov and Nemirovski constructed a barrier, called universal barrier, with
self-concordance O(n) [90]. Later, Hildebrand constructed n-self concordant barriers for any convex cone,
called canonical barrier [89]. This implies a n 4+ 1 for convex sets. The first one can be computed in
polynomial time but very expensive. The second seems to need even exponential space to compute. In
this lecture, we will discuss the entropic barrier introduced by [88]. They proved the self-concordance is
n 4+ O(y/n). For simplicity, we will only show O(n). The reason I discuss the last one is that Sébastienis
my—good-colaberator the barrier itself is very natural despite the proof is slightly more complicated than
the universal barrier.

The family of the exponential distribution on K

6‘Ty
def € Y1lyek
p@(y) = fK 07 2

is (one of) the most natural family of distribution on K. As we see from localization lemma, these are in
some sense extreme distributions among logconcave distributions. For any = € K, there is an unique 6(z)

such that
E

y~po)d = L

When z is closer to the boundary of K, the distribution py(,) need to be more concentrated to make the
mean equals to x. Hence, these pg(;) has smaller entropy. The entropic barrier is simply the negative

entropy of pg(s):
¢(x) = / Po(2) () 108 Po(a) (y)dy-
To check this barrier makes sense, we note that 6(z) = —1 for K = [0,00) and hence

1 _y
Po(z)(y) = 26 Tz>0-

Hence, we have
<1 1 _y
Po.oo)(®) = [ =€ Flog(—e ¥ )dy = —log(x) — 1
0 X xr

which is exactly the logarithmic barrier! Roughly speaking, this barrier must blows up like —log on the
boundary because of the entropy.



Lecture 16: Barriers 16-3

16.2.1 Derivatives of the entropic barrier

First, we need to compute the derivatives of the entropic barrier. There is a better proof in [88]. However,
I decide to give a straightforward but long proof of this and the purpose is just to have again some exercise
on chain rule. The proof is long but just a simple calculation. The best way to read this lemma is to try it
yourself and read the proof only if you failed.

Lemma 16.2.1. We have that Vé(z) = 0(x), V2¢(x) = Cov(x)~! and
D?¢(a)[h, b, h] = —Eypya) ((y — 2) T (Con(z)) ")
T

where Cov(x) = Eypo (y—x)(y—=x)".

Proof. By chain rule, the directional derivative of ¢(x) on the direction h is

Dpe() (y)[1]
= [ Dpox)(y)|h]1og po(a ydy+/p oY) ———~—dy
| Do b0 20 )+ [ 10 e
= [ Do )l oz ey ()i
x T’L]
Using the formula pg(,(y) = %, we can simplify the formula as
O(I)
/ ng a:) 1Og fea(a)‘rzdzd
/ Dpg2)(y y)dy — / Dpg () (y)[h]dy - log / 0@ 2 g,
K
= | Do kIO ) (16.1)
Now, we calculate Dpg(,)(y):
@) Ty @ [ @ 2 DO()[h)T zdz
Dpo() (y)[h] = WDQ(@WT?J T e9(x€(TZdz TP
K K
T T
_ @)y Do) [Ty @ . DO(x) [T [, @ 22dz
[ @) 2dz [ @ 2dz - [, 0@ 2dz
T T
_ f@) Ty DOy @) v . DO(z)[h] T x
fK eG(I)Tde fK e@(w)Tde
= po()(y) - DO()[h] " (y — ). (16.2)

Recall that Ey~p, .,y = =. Hence, the covariance matrix of py(,) is given by Cov(x) = Eyp, ., (y—z)(y—x)".

Using this notation and putting (16.2) into (16.1) gives that

Do ()] = /K Pocey(y) - DO (5 — ) - (B(z) Ty)dy

= DO(@)[A] " Eympy, (y — 2)y " )0(2)
= DO(2)[h] " Eynpy,, ((y — 2)(y — 2) )0(2)
= DO(z)[h]" Cov(z) - O(x). (16.3)



16-4 Lecture 16: Barriers

The trick to compute DO(x)[h] is to take the derivative of the definition of 6§, which is E,,,, v = =, on
the both sides. This gives

h = DE?JNPG(w)y[h]
= [ o ) DI 5~ ) -
= (Eympoinyy - (y — 7)) DO()[h]
= Cov() - DO() 1]

Therefore, we have
DO(x)[h] = (Cov(z)) 'h. (16.4)

Putting (16.4) into (16.3) gives that
Do(x)[h] = h"6(z).
Equivalently, this shows V¢(z) = 0(x).

Using (16.4), we have
D2¢(x)[h,h] = h" (Cov(z))"'h

Equivalently, this shows V2¢(z) = (Cov(z)) .
Finally, we have

D3¢(x)[h, h,h] = —h" (Cov(z)) "L DCov(z)[h](Cov(z)) L h.
where

DCov(z)[h] = /K(y —2)(y — ) " po) (y)dy

- /K (v — 2)(y — 7)oy () - DO() T (y — )dy.

Hence, we have

D*(w)[h, h,h] = —E, ((y — ) (Cov(x))'h)".

16.2.2 Self-concordance

Lemma 16.2.2. We have that D*¢(x)[h, h, h] = O(1) (D2¢(x)[h, h])*/>.

Proof. Note that D3¢(z)[h, h,h] = —Ey~p, ((y — x)T(COV(]J))_lh)S. Note that any logconcave distribution
p with mean x, we have

[Eyplly =) )] = KO (B (g — )T 1))

(We asked a similar question in the assignment and it can be proved by localization lemma.) Therefore, we
have that

D¥(a)h, by h] = O(1) (Eymp, (5~ x)T(cov(x))—lh)Q)S/ i

= O(1) (Eympy h(Cov(a)) "y — 2)(y — SE)T(Cov(:c))’lh)g/2
= 0(1) (D*6(@)[n, 1))

—_
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The proof of the following lemma is a little bit rough. I ignored some small details that I expect you can

fill in.

Lemma 16.2.3. We have that Vo(z) " (V24(2)) " Ve(z) = O(n).

Proof. We have that
Vo(x) " (V26(x)) ' Vo(x) = 0(z) " Cov(w)0(x) = ||0]|3 - Var(ys)

where yg = (y,0/ ||0]|5) with y ~ ps. Let u be the log-density of ys and v be the log-marginal of the uniform
measure on K in the direction 6/ ||0||,. Note that

u(t) = v(t) + 6], + cst.

Since v is the log-marginal of uniform measure of convex set, Brunn-Minkowski shows that v”(t) <
—L1(v/(¢))? and so
1
u'(t) < = (u'(t) - le1],)>

which implies that for any |u/(¢)] < H92H2, we have

2
u//(t) < _ ||0||2

- 4n
and hence
a(t) < — =0l
- 0)-
8n/ 10115

Using this and Lemma 4.1.5, we have that the variance of u is O(n/ ||0||§) Therefore,
Vo()" (V26(x)) "' Vo() = O(n).
O

Problem 16.2.4. Construct a n-self concordance for every convex set. (or prove it does not exist for some
convex set.)

16.2.3 Property of central path
Recall that the central path is given by
def . T
Ty = argmintc x + ¢(x).
For the entropic barrier, we have that
x; = argmintc’ x + / Po(x)(Y) 10g o () (y)dy-
JL K

Since V¢(z) = 0(x), we have that 6(z) = —tc. Now using the definition of 6(x), x; is the mean of the

distribution

1 T
—tc
—€ ylyeK.

t

This is exactly the simulated annealing algorithm.
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16.3 Log-determinant barrier

Finally, I want to emphasize that some convex set has self-concordance less than the dimension of the
problem. These sets often are very symmetric.

Lemma 16.3.1. The function ¢(X) = —logdet X is an self-concordant barrier on P, = {X € R™*" with X =
XT,X = 0}.

Proof. Clearly, ¢(X) — +o0o as X — 9P,,. Next, we note that
D¢(X)[H] = —tx(X ' H),
D*¢(X)[H,H] = tr(X *HX1H),
D3¢(X)[H,H,H] = —2tr(X '"HX *HX'H).
Let H=X"3HX 3. Then, we have
D3¢(X)[H, H, H] = —2tr(H?) < 2tr(H?)%/? = 2D*¢(X)[H, H].

Also, we have that
Do(X)[H] = —trH < Vn - trH? = \/n\/D?¢(X)[H, H]

which implies that

Vo(x) (V2o(X)) ' Vo(z) < ¢W D2y(X)[(V2(X)) ™ V(). (V24(X)) ! V(z)]
— vy Vo(@) (V26(X)) " Vo(a).

Hence, we have V¢(z) (V2¢(X))_1 Vo(z) < n. O
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