
CSE 599: Interplay between Convex Optimization and Geometry Winter 2018

Lecture 7: Gradient Mapping and First-Order Methods
Lecturer: Yin Tat Lee

Disclaimer: Please tell me any mistake you noticed.

The goal of this and next lecture is to cover, in one shot, basic first-order methods including gradient descent,
mirror descent, accelerated gradient descent, coordinate descent, stochastic gradient method, accelerated
coordinate descent and accelerated stochastic gradient method. More importantly, we want to make the
proof as intuitive as possible. Therefore, many proofs here are less-traditional and more restrictive than
what it is needed. To be clear, all proofs here are known and modified from [41, 42, 43, 44]. In particular,
our proof is based on the linear coupling by [41] with the idea that one can accelerate first-order methods
in general [43].

For simplicity, we consider the Euclidean space here only. We will discuss different space in later lectures.

7.1 Gradient Mapping

The key idea to avoid re-deriving accelerated gradient for coordinate descent and stochastic gradient sep-
arately is to develop a general way to accelerate an optimization method. To this end, we need to first
develop an optimization method to solve problem of the form

min
x
φ(x)

def
= f(x) + h(x)

where f(x) is strongly convex and smooth and h(x) is convex. We assume that we access the function g
and h differently via:

1. Let Tg be the cost of computing ∇f(x).

2. Let Th,λ be the cost of minimizing h(x) + λ
2 ‖x− c‖

2
2 exactly.

The idea is to move whatever we can optimize in φ to h and hopefully this makes the remaining part of φ,
f , as smooth and strongly convex as possible. However, in that case, we cannot assume the regularity of h
too much. In fact, we do not even assume h to be differentiable. To handle this issue, we need to define an
approximate derivative of h that we can compute.

Definition 7.1.1. We define the gradient step

px,γ = argminyf(x) +∇f(x)>(y − x) +
γ

2
‖y − x‖2 + h(y)

and the gradient mapping

gx,γ = γ(x− px,γ).

If f is β-smooth, we simply use px to denote px,β and gx to denote gx,β .

Note that if h = 0, then px,γ = x− 1
γ∇f(x) and gx,γ = ∇f(x). In general, if φ ∈ C2, then we have that

px,γ = x− 1

γ
∇φ(x) +O(

1

γ2
).
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Therefore, we have that gx,γ = ∇φ(x) + O( 1
γ ). Hence, the gradient mapping is an approximation of the

gradient of φ that is computable in time Tg + Th,γ .

The key lemma we use here is that φ satisfies a lower bound defining using gx,γ . Ideally, we would love to
get a lower bound as follows:

φ(z) ≥ φ(x) + g>x,γ(z − x) +
α

2
‖z − x‖22 .

But it is WRONG. If that was true for all z, then we would have gx,γ = ∇φ(x). However, if φ ∈ C2 is α
strongly convex, then we have

φ(z) ≥ φ(x) +∇φ(x)>(z − x) +
α

2
‖z − x‖22

≥ φ(x− 1

γ
∇φ(x)) +

1

2γ
‖∇φ(x)‖2 +∇φ(x)>(z − x) +

α

2
‖z − x‖22 . (7.1)

It turns out that this is true and is exactly what we need for proving gradient descent, mirror descent and
accelerated gradient descent.

Theorem 7.1.2. Given φ = f+h. Suppose that f is α strongly convex and β smooth. Then, for any γ ≥ β
and any z, we have that

φ(z) ≥ φ(px,γ) + g>x,γ(z − x) +
1

2γ
‖gx,γ‖22 +

α

2
‖z − x‖22 .

Proof. To prove this, naturally, we want to follow the calculation in (7.1) and this corresponds to the
following:

φ(z)− α

2
‖z − x‖22 ≥ f(x) +∇f(x)>(z − x) + h(z)

= f(x) +∇f(x)>(px,γ − x) +∇f(x)>(z − px,γ) + h(z)

≥ f(px,γ)− γ

2
‖px,γ − x‖2 +∇f(x)>(z − px,γ) + h(z)

= φ(px,γ)− 1

2γ
‖gx,γ‖2 +∇f(x)>(z − px,γ) + h(z)− h(px,γ)

where we used f is γ ≥ β smooth. Unfortunately, this is what we needed. Comparing this to what we need,
it suffices to prove that

− 1

2γ
‖gx,γ‖2 +∇f(x)>(z − px,γ) + h(z)− h(px,γ) ≥ g>x,γ(z − x) +

1

2γ
‖gx,γ‖22 .

Let f(y) = f(x) +∇f(x)>(y − x) + γ
2 ‖y − x‖

2
2, then this is same as

∇f(px,γ)>(z − px,γ) + h(z)− h(px,z) ≥ 0 (7.2)

Let pt = px,γ + t(z − px,γ). Using that p0 is the minimizer of f + h, we have that

f(p0) + h(p0) ≤ f(pt) + h(pt) ≤ f(p0) +∇f(p0)>(pt − p0) +
γ

2
‖pt − p0‖2 + h(pt).

Hence, we have that

0 ≤ ∇f(p0)>(pt − p0) +
γ

2
‖pt − p0‖2 + h(pt)− h(p0)

= t ·
(
∇f(p0)>(z − p0) + h(z)− h(p0)

)
+
γt2

2
‖z − p0‖2 .

Taking t→ 0+, we have (7.2).
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The next lemma shows that ‖gx,γ‖2 ≤ 2G if φ is G-Lipschitz.

Lemma 7.1.3. If φ is G-Lipschitz, then ‖gx,γ‖2 ≤ 2G for all x and γ ≥ β.

Proof. By the definition of gradient mapping (namely, px,γ is the minimizer of a function), we have that

f(x) +∇f(x)>(px,γ − x) +
γ

2
‖px,γ − x‖2 + h(px,γ) ≤ f(x) + h(x).

Using h(px,γ) ≥ h(x) +∇h(x)>(px,γ − x), we have that

0 ≥ ∇φ(x)>(px,γ − x) +
γ

2
‖px,γ − x‖2

≥ −G ‖px,γ − x‖2 +
γ

2
‖px,γ − x‖2 .

Hence, we have that ‖px,γ − x‖2 ≤
2
γG and hence ‖px,γ‖2 ≤ 2G.

7.2 Gradient Descent

Putting z = x and γ = β in Theorem 7.1.2, we have that

φ(px) ≤ φ(x)− 1

2β
‖gx‖22 . (7.1)

This shows that each step of the gradient step decreases the function value by 1
2β ‖gx‖

2
2. Therefore, if the

gradient is large, then we decrease the function value by a lot. On the other hand, it is easy to show that
if the gradient is small and domain is bounded, we are close to the optimal. Combining these two facts, we
have the following theorem:

Theorem 7.2.1 (Gradient Descent Convergence). Suppose that f is β smooth. Consider the algorithm
xk+1 ← pxk , we have that

φ(xT )− φ(x∗) ≤ 2βR2

T + 3
with R = max

φ(x)≤φ(x1)
‖x− x∗‖2

for any minimizer x∗ of φ.

Remark. Note that φ(x0) − φ(x∗) ≤ βR2

2 . Therefore, gradient descent decreases the error by roughly a 1
T

factor after T steps.

Proof. Recall from (7.1) that

φ(xk+1) ≤ φ(xk)− 1

2β
‖gxk‖

2
2 .

On the other hand, Theorem 7.1.2 (with z = x∗ and γ = β)

φ(xk+1)− φ(x∗) ≤ g>xk(xk − x∗) ≤ ‖gxk‖2 · ‖xk − x
∗‖2 ≤ R · ‖∇f(xk)‖2

where we used that φ(xk) is decreasing. Let εk = φ(xk)− φ(x∗). Then, we have

εk − εk+1 ≥
1

2β
‖gxk‖

2
2 ≥

ε2
k+1

2βR2
.

Note that ε1 = φ(x1)−φ(x∗) ≤ φ(x∗) + β
2 ‖x1 − x∗‖2 ≤ β

2R
2. Using this initial condition, one can solve the

recurrence and get

εk ≤
2βR2

k + 3
.
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7.3 Mirror Descent

7.3.1 Intuition

To give the intuition for the formula of mirror descent, we consider the simple case h = 0. It is like the
opposite of gradient descent. Instead of optimizing over the upper bound, it optimizes over the lower bound
of φ. Recall that a function φ is α strongly convex if

f(y) ≥ f(x) +∇f(x)>(y − x) +
α

2
‖y − x‖22

Suppose that we have queried points x1, · · · , xk. Then, a convex combination of the lower bound is given
by

f(y) ≥ 1

k

k∑
i=1

(
f(xi) +∇f(xi)

>(y − xi) +
α

2
‖y − xi‖22

)
(7.1)

Mirror descent chooses

xk+1 = argminx

k∑
i=1

(
∇f(xi)

>(y − xi) +
α

2
‖y − xi‖22

)
. (7.2)

Since xk is the minimizer of the quadratic function
∑k−1
i=1

(
∇f(xi)

>(y − xi) + α
2 ‖y − xi‖

2
2

)
, we have that

k−1∑
i=1

(
∇f(xi)

>(y − xi) +
α

2
‖y − xi‖22

)
= Ck +

α(k − 1)

2
‖y − xk‖2 .

Putting it into (7.2) gives

xk+1 = argminx
α(k − 1)

2
‖y − xk‖22 +∇f(xk)>(y − xk) +

α

2
‖y − xk‖22

= argminx∇f(xk)>(y − xk) +
αk

2
‖y − xk‖22 .

This shows that another way to write down mirror descent in Euclidean space is

xk+1 = xk −
1

αk
∇f(xk).

This is basically gradient descent with a decreasing step size. This is special for Euclidean space. For other
norms, the mirror descent is different from gradient descent.

7.3.2 Analysis

For the general case with h 6= 0, we simply define the mirror descent as

xk+1 = xk −
1

αk
gxk . (7.3)

To analyze the mirror descent, we use Theorem 7.1.2 and the convexity of φ to get that

φ(
1

k

k∑
i=1

yxi)− φ(x∗) ≤ 1

k

k∑
i=1

(φ(yxi)− φ(x∗)) ≤ 1

k

k∑
i=1

g>xi(xi − x
∗). (7.4)

Therefore, it suffices to upper bound g>xi(xi − x
∗). The following lemma shows that if g>xi(xi − x

∗) is large,
then either the gradient is large or the distance to optimum moves a lot. It turns out this holds for any
vector g, not necessarily an approximate gradient.
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Lemma 7.3.1 (Mirror Descent Lemma). Let p = x− ηg. Then, we have that

g>(x− u) ≤ η

2
‖g‖22 +

1

2η

(
‖x− u‖22 − ‖p− u‖

2
2

)
for any u.

Proof. Note that

‖p− u‖2 = ‖x− u− ηg‖2

= ‖x− u‖2 − 2η · g>(x− u) + η2 ‖g‖2 .

Using this, we can prove the convergence of mirror descent.

Theorem 7.3.2 (Mirror Descent Convergence). Suppose that f is α-strongly convex and φ is G-Lipschitz.
Consider the algorithm xk+1 ← xk − 1

αkgxk , we have

φ(
1

T

T∑
k=1

pxk)−min
x
φ(x) ≤ O(log T ) · G

2

αT
.

Remark. Note that φ(x0)−minx φ(x) ≤ G2

2α . Therefore, mirror descent decreases the error by roughly a 1
T

factor after T steps.

Proof. Theorem 7.1.2 shows that

φ(pxk)− φ(x∗) ≤ g>xk(xi − x∗)−
α

2
‖xk − x∗‖22 .

Using Lemma 7.3.1, we have that

φ(pxk)− φ(x∗) ≤ 1

2αk
‖gxk‖

2
2 +

αk

2

(
‖xk − x∗‖22 − ‖xk+1 − x∗‖22

)
− α

2
‖xk − x∗‖2

=
1

2αk
‖gxk‖

2
2 +

α(k − 1)

2
‖xk − x∗‖22 −

αk

2
‖xk+1 − x∗‖22 .

Summing both sides and using the Lipschitz constant (Lemma 7.1.3), we have

φ(
1

T

T∑
k=1

pxk)−min
x
φ(x) ≤ 1

T

T∑
k=1

(f(pxk)− f(x∗))

≤ 1

T

T∑
k=1

4G2

2αk
+
α(1− 1)

2
‖x1 − x∗‖22 −

αT

2
‖xT+1 − x∗‖22

= O(log T ) · G
2

αT
.

Exercise 7.3.3. Improve the bound in Theorem 7.3.2 to O(G
2

αT ) by optimizing the step sizes in (7.3).
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7.4 Accelerated Gradient Descent

Recall (7.1) shows that if the gradient is large, gradient descent makes a large progress. On the other hand,
if the gradient is small, (7.4) shows that mirror descent makes a large progress. Therefore, it is natural to
combine two approaches.

� Starting from x1 = y1 = z1,
� For k = 1, · · · , T − 1

– Define xk+1 = τzk + (1− τ)yk.
– Perform a gradient step yk+1 = xk+1 − 1

β gxk+1
.

– Perform a mirror step zk+1 = zk − ηgxk+1
.

where τ and η are some parameters to be chosen. Note that if τ = 1, the algorithm is simply mirror descent
and if τ = 0, the algorithm is gradient descent.

Theorem 7.4.1. Setting 1−τ
τ = ηβ and η = 1√

αβ
, we have that

φ(
1

T

T∑
k=1

pxk+1
)− φ(x∗) ≤ 2

T

√
β

α
(φ(x1)− φ(x∗)) .

In particular, if we restart the algorithm every 4
√

β
α iterations, we can find x such that

φ(x)− φ(x∗) ≤ 2(1−
√
α

β
)Ω(T ) (φ(x1)− φ(x∗))

in T steps. Furthermore, each step takes Tf + Th,β

Proof. Lemma 7.3.1 and (7.1) showed that

g>xk+1
(zk − x∗) ≤

η

2

∥∥gxk+1

∥∥2

2
+

1

2η

(
‖zk − x∗‖22 − ‖zk+1 − x∗‖22

)
(7.1)

This shows that if the mirror descent has large error g>xk+1
(zk−x∗), then the gradient descent makes a large

progress (η2
∥∥gxk+1

∥∥2

2
).

To make the left-hand side usable, note that xk+1 = zk + 1−τ
τ · (yk − xk+1) and hence

g>xk+1
(xk+1 − x∗) = g>xk+1

(zk − x∗) +
1− τ
τ
· g>xk+1

(yk − xk+1)

≤ g>xk+1
(zk − x∗) +

1− τ
τ

(φ(yk)− φ(yk+1)− 1

2β

∥∥gxk+1

∥∥2

2
)

≤ η

2

∥∥gxk+1

∥∥2

2
+

1− τ
τ

(φ(yk)− φ(yk+1)− 1

2β

∥∥gxk+1

∥∥2

2
) +

1

2η

(
‖zk − x∗‖22 − ‖zk+1 − x∗‖22

)
.

where we used Theorem 7.1.2 in the middle and (7.1) at the end.

Now, we set 1−τ
τ = ηβ and get

g>xk+1
(xk+1 − x∗) ≤ ηβ(φ(yk)− φ(yk+1)) +

1

2η

(
‖zk − x∗‖22 − ‖zk+1 − x∗‖22

)
.
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Taking a sum on both side and let x = 1
T

∑T
k=1 yxk+1

, we have that

ηT · (φ(x)− φ(x∗)) ≤ ηT
T∑
k=1

(φ(yxk+1
)− φ(x∗))

≤ ηT
T∑
k=1

g>xk+1
(xk+1 − x∗)

≤ η2β(φ(y1)− φ(yT+1)) +
1

2
‖z1 − x∗‖22 .

Hence, we have that

φ(x)− φ(x∗) ≤ ηβ

T
(φ(x1)− φ(x∗)) +

1

2ηT
‖x1 − x∗‖22

≤
(
ηβ

T
+

1

2ηTα

)
(φ(x1)− φ(x∗)) .

The conclusion follows from our setting of η.

7.5 (Accelerated) Coordinate Descent

If some of the coordinates are more important than other, it makes sense to update the important coordinates
more often than others.

Lemma 7.5.1. Given a convex function `. Suppose that ∂2

∂x2
i
`(x) ≤ βi for all x and let B =

∑
βi. If we

sample coordinate i with probability pi = βi
B , then,

Ei`(x−
1

βi

∂

∂xi
`(x)ei) ≤ `(x)− 1

2B
‖∇`(x)‖22 .

Proof. Note that the function ζ(t) = `(x+ tei) is βi smooth. Hence, we have that

`(x− 1

βi

∂

∂xi
`(x)ei) ≤ `(x)− 1

2βi

∂

∂xi
`(x)2.

Since we sample coordinate i with probability pi = βi
B , we have that

E`(x− 1

βi

∂

∂xi
`(x)ei) = `(x)−

∑
i

βi
B

1

2βi

∂

∂xi
`(x)2

= `(x)− 1

2B

∑
i

∂

∂xi
`(x)2

= `(x)− 1

2B
‖∇`(x)‖22 .

By the same proof as Theorem 7.2.1 but replacing (7.1) by Lemma 7.5.1, we have the following

Theorem 7.5.2 (Coordinate Descent Convergence). Given a convex function `. Suppose that ∂2

∂x2
i
`(x) ≤ βi

for all x and let B =
∑
βi. Consider the algorithm x(k+1) ← x(k) − 1

βi
∂
∂xi

`(x(k))ei, we have that

E`(x(T ))− `(x∗) ≤ 2BR2

T + 3
with R = max

`(x)≤`(x(1))
‖x− x∗‖2



7-8 Lecture 7: Gradient Mapping and First-Order Methods

for any minimizer x∗ of `. If ` is α strongly convex, then we also have

E`(x(T ))− `(x∗) ≤ 2(1− B

α
)Ω(T )(`(x(0))− `(x∗)).

Proof. The first part follows by the same proof in Theorem 7.2.1. The second part follows from

R2 ≤ 1

α
(`(x(0))− `(x∗)).

Now, the really fun part is here. Consider the function

φ(x) = f(x) + h(x) with f(x) =
α

2
‖x‖22 and h(x) = `(x)− α

2
‖x‖22 .

Since f is α+ B
n smooth (YES!, I know this is also α smooth) and α strongly convex and since h is convex,

we apply Theorem 7.4.1 and get an algorithm that takes O∗(
√

B
nα ) steps. Note that each step involves

Tf + Th,α+B
n

. Obviously, Tf = 0. Next, note that Th,α+B
n

involves solving a problem of the form

yx = argminy(
α

2
+
B

2n
) ‖y − x‖2 + (`(y)− α

2
‖x‖2)

= argminy`(y)− αy>x+
B

2n
‖y − x‖2 .

Now, we can apply Theorem 7.5.2 to solve this problem. It takes

O∗(
B + (B/n) · n

B/n
) = O∗(n) coordinate steps.

Therefore, in total it takes

O∗(

√
B

nα
) ·O∗(n) = O∗(

√
Bn

α
) coordinate steps.

Hence, we have the following theorem

Theorem 7.5.3 (Accelerated Coordinate Descent Convergence). Given an α strongly-convex function `.

Suppose that ∂2

∂x2
i
`(x) ≤ βi for all x and let B =

∑
βi. We can minimize ` in O∗(

√
Bn
α ) coordinate steps.
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